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Four-dimensional gauge theories with matter can have regions in parameter space, often dubbed
conformal windows, where they flow in the infrared to non-trivial conformal field theories. It has been
conjectured that conformality can be lost because of merging of two nearby fixed points that move
into the complex plane, and that a walking dynamics governed by scaling dimensions of operators
defined at such complex fixed points can occur. We find controlled, parametrically weakly-coupled,
and ultraviolet-complete 4d gauge theories that explicitly realize this scenario. We show how the
walking dynamics is controlled by the coupling of a double-trace operator that crosses marginality.
The walking regime ends when the renormalization group flow of this coupling leads to a (weak)
first-order phase transition with Coleman-Weinberg symmetry breaking. A light dilaton-like scalar
particle appears in the spectrum, but it is not parametrically lighter than the other excitations.
Understanding the phases of gauge theories is one of
the most interesting problems in high energy and con-
densed matter physics. Ultraviolet(UV)-free gauge the-
ories with matter exhibit so-called conformal windows,
namely regions in parameter space where they flow in
the infrared (IR) to interacting conformal field theories
(CFTs). A relevant example is given by four-dimensional
(4d) SU(Nc) gauge theories with Nf fermions in the fun-
damental representation of the gauge group. At fixed Nc,
the conformal window spans an interval N−f ≤ Nf ≤ N+f .
For values of Nf outside this range, IR conformality is
lost and it is interesting to understand the mechanism of
how this happens. The upper edge of the conformal win-
dow, N+f =
11
2 Nc, is more accessible because the theory
can be weakly coupled there. When Nf → N+f the non-
trivial fixed point collides with the Gaussian one, and the
latter changes its stability for Nf > N
+
f (i.e., the theory
is no longer UV free). The lower edge is instead strongly
coupled and difficult to analyze. It has been proposed
that conformality is lost because two nearby fixed points
merge and disappear into the complex plane [1] (see also
[2]). Just below the lower edge of the conformal window,
a related interesting phenomenon is expected to occur [1]:
walking dynamics, namely a long range of energy scales
where the renormalization group (RG) flow slows down
and the theory is approximately conformal invariant, af-
ter which chiral symmetry breaking and confinement take
place [3] [4]. The walking behaviour would occur because
the RG flow passes “between” and close to the two com-
plex fixed points and is governed by scaling dimensions of
operators in the (non-unitary) CFTs living at those fixed
points [5, 6]. Similar dynamics has been conjectured to
take place also in three-dimensional gauge theories [7].
In this Letter we propose weakly-coupled, UV com-
plete, and calculable 4d gauge theories where the above
considerations can be concretely tested.
When two fixed points collide, the operator Of gov-
erning the flow from one to the other becomes marginal.
Let us denote by f the coupling associated to Of . Up
to rescaling and shift, for small f its β-function reads
βf = −y + f2 + O(f3), where y is a small parameter,
possibly dependent on other couplings and parameters
in the theory. For y > 0 there are two fixed points, at
y = 0 they merge, and for y < 0 they become complex.
In large N theories, Of should be a double-trace operator
O2 [8] (see also appendix D of [5]). At leading order in
the large N limit, but to all orders in f and other single-
trace deformation couplings λ (such as the ’t Hooft gauge
coupling), the β-functions read [9]
βf = c1(λ) f
2 + c2(λ) f + c3(λ) , βλ = b(λ) . (1)
This applies also in the presence of several single-trace
deformations and in more general large N limits, such as
the Veneziano limit. If the theory flows to an IR fixed
point, (1) implies that the double-trace operator O2 will
not mix with the single-trace operators with couplings
λi, and will have scaling dimension ∆O2 = 4 + γO2 with
γO2 = ∂fβf |? = 2f?c1(λ?) + c2(λ?) = 2γO + O(1/N).
Here the star superscript indicates the value at the fixed
point. At weak coupling ∆O ≈ 2 and hence we are forced
to introduce scalar fields. By varying some parameter in
the theory, we can expect to reach a point where γO2 van-
ishes, possibly signalling fixed-point merging. All these
considerations lead us to consider large N gauge theories
that include scalar fields and a double-trace deformation.
A simple model of this kind is given by an SU(Nc)
gauge theory with Nf Dirac fermions and Ns scalars in
the fundamental representation [10]. The Lagrangian is
L = − 14FAµνFµνA + Tr ψ¯i /Dψ + TrDµφ†Dµφ
− h˜Trφ†φφ†φ− f˜ Trφ†φTrφ†φ (2)
(before gauge fixing). The gauge coupling g is in the co-
variant derivative. As we will see, the theory is UV com-
plete and free and hence technically natural: there exist
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2renormalization schemes (e.g., minimal subtraction in di-
mensional regularization, MS) in which the scalar masses
remain zero to all orders in perturbation theory. Fermion
masses are protected by the SU(Nf )
2 chiral symmetry.
We are interested in finding weakly-coupled Caswell-
Banks-Zaks (CBZ) fixed points [11]. This requires to take
a large N limit. We introduce ’t Hooft couplings
λ =
Nc g
2
16pi2
, h =
Nc h˜
16pi2
, f =
NcNs f˜
16pi2
(3)
and take the Veneziano limit Nc, Nf , Ns →∞ with
xs = Ns/Nc , xf = Nf/Nc (4)
and λ, h, f fixed. Notice the different scaling limit of h
and f with Nc, reflecting the different single- and double-
trace nature of the corresponding operators. The pertur-
bative β-functions, at two-loop order in the gauge cou-
pling and one-loop order in the other couplings, are [12]
βλ = −22− xs − 4xf
3
λ2 + b1λ
3 (5a)
βh = 4(1 + xs)h
2 +
24
NcNs
fh
−
(
6− 6
N2c
)
λh+
(3
4
− 3
N2c
)
λ2 (5b)
βf =
(
4 +
16
NcNs
)
f2 + 8(1 + xs)fh+ 12xsh
2
−
(
6− 6
N2c
)
λf +
3xs
4
(
1 +
2
N2c
)
λ2 (5c)
where the gauge coefficient b1 is
b1 =
2
3
(
4xs + 13xf − 34
)− 2(xs + xf )
N2c
. (6)
These β-functions are in agreement with the general
form (1). The two-loop coefficients are scheme-dependent
when multiple couplings are present; the result reported
is in MS. We study the theory at leading order in 1/Nc
and in a loop-wise expansion, meaning that parametri-
cally λ ∼ h ∼ f . In the CBZ limit, the coefficient mul-
tiplying the λ2 term in βλ is made artificially small, jus-
tifying the use of two-loop order in the gauge but not
the other couplings. In order to obtain a weakly-coupled
fixed point, we set
22− xs − 4xf = 75 (7)
and take 0 <   1. The numerical factor in front of 
has been chosen for later convenience. Note that  can
be made as small as of order 1/Nc. We will use xs to
parameterize a family of CBZ fixed points, working at
leading order in 1/Nc. The non-trivial zero of βλ is at
λ? =

1 + xs/50− 13/2 . (8)
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FIG. 1. Positions of the IR fixed points pj as we vary xs. The
couplings are apart at xs = 0 and progressively merge (p1,2 at
xs = xs while p3,4 at xs ' 0.8) as we increase xs. The region
above the dashed lines corresponds to positive potentials.
Taking  . 0.1, λ? is positive, of order  and small. Plug-
ging that value into βh, the latter has two zeros at
h?± = λ
? 3±
√
6− 3xs
4(1 + xs)
. (9)
Both values are real positive for 0 ≤ xs ≤ 2. Finally,
plugging λ?, h?± into βf , the latter has four zeros at
f?±+ ≡ f?±(h?+) = λ? (−B ±A+)
f?±− ≡ f?±(h?−) = λ? (+B ±A−)
(10)
with B =
√
6− 3xs/4 and
A± =
3
√
2− (13± 6√6− 3xs)xs + x2s − 2x3s
4
√
3 (1 + xs)
. (11)
For xs < 2, B is real positive. On the other hand, A±
are real (and non-negative) in a smaller range: A+ for
xs ≤ xs = 0.07309 (12)
while A− for xs ≤ 0.8403 (the numerical values are ap-
proximate). Outside those ranges, A± are complex.
We thus find four interacting fixed points pj (plotted
in fig. 1 as xs is varied), with couplings
p1 = {λ?, h?+, f?++} , p3 = {λ?, h?−, f?+−}
p2 = {λ?, h?+, f?−+} , p4 = {λ?, h?−, f?−−} .
(13)
The stability properties under RG flow of the four fixed
points are determined by the eigenvalues of the matrix
∂βj/∂ck where β = (βλ, βh, βf ) and c = (λ, h, f). The
three eigenvalues are
ζ1 = −50λ+ 75
(
1 + xs/50− 13/2
)
λ2
ζ2 = 8(1 + xs)h− 6λ , ζ3 = ζ2 + 8f .
(14)
We evaluate these eigenvalues at the fixed points. The
first eigenvalue is the same at the four fixed points,
namely ζ?1 = 25λ
?. Since it is positive, this direction
is always IR stable. The other two eigenvalues take the
following simple form.
At (h?+, f
?
±+) : ζ
?
2 = +8λ
?B , ζ?3 = ±8λ?A+
At (h?−, f
?
±−) : ζ
?
2 = −8λ?B , ζ?3 = ±8λ?A− .
(15)
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FIG. 2. UV angular flows on the hemisphere 0 ≤ θ ≤ pi
2
,
where (θ, ϕ) are used as two-dimensional polar coordinates.
Arrows point towards the IR. In both figures  = 0.02. Left:
xs = 0.01. Right: xs = xs.
We conclude that, in the domain where such fixed points
are real, p1 has two IR stable directions, p2,3 have a sta-
ble and an unstable one, while p4 has two unstable direc-
tions (besides ζ?1 ). Moreover, p1 and p2 merge at xs = xs
where λ?3 = 0, and for larger values of xs they move into
the complex plane. Similarly, p3 and p4 merge at xs ' 0.8
where λ?3 = 0 and then move to the complex plane. The
linear combinations of operators that diagonalize dila-
tions correspond to eigenvectors of the matrix ∂βj/∂ck.
As expected, the double-trace operator O2 = (Trφ†φ)2
does not mix at leading order in 1/Nc with the two single-
trace operators TrFµνF
µν and Trφ†φφ†φ. The dimen-
sion of O2 is ∆O2 = 4 + ζ?3 . At the values of xs where
fixed points merge and ζ?3 vanishes, the double-trace op-
erator becomes marginal, again as expected.
The scalar potential V = h˜Trφ†φφ†φ + f˜
(
Trφ†φ
)
2
is positive definite at the fixed points. Indeed, one can
prove that this is the case if and only if f˜ + h˜ > 0 and
Mf˜ + h˜ > 0, where M = min(Nc, Ns). In the large N
limit, these conditions become
h > 0 and min
(
1, x−1s
)
f + h > 0 . (16)
All fixed points p1,2,3,4 satisfy the positivity conditions,
for all values of xs for which they are real (see fig. 1).
We inquire whether the model defines a UV complete
quantum field theory, namely, whether the theory is UV
free. In order to study the RG flow around the origin in
the space (λ, h, f), it suffices to use one-loop β-functions.
The analysis is similar to [13]. First, we identify special
flow lines that we call “radial”:
λ = γλ ρ(µ) , h = γh ρ(µ) , f = γf ρ(µ) (17)
where ρ(µ) is a positive function of the renormalization
scale µ, while γj are constants (defined up to positive
rescalings). At leading order in , four radial flows are
given by γh/γλ ' h?±/λ?, γf/γλ ' f?±±/λ?, in terms
of the IR values in (8)–(10). Extra radial flows lie on
the plane λ = 0 (i.e., have γλ = 0) with γh = 0 or
γf/γh = −
(
1 + xs ±
√
1− 10xs + x2s
)
/2.
Then, we introduce spherical coordinates (r, θ, ϕ) in
the space of couplings, setting
λ = r cos θ , h = r sin θ sinϕ , f = r sin θ cosϕ (18)
with θ ∈ [0, pi2 ] (λ ≥ 0) and ϕ ∈ [0, 2pi). Correspondingly,
we define radial and angular β-functions βr and βθ, βϕ.
Since the one-loop β-functions in (5) are homogeneous in
the couplings, the angular functions βθ, βϕ are propor-
tional to r and can be studied separately from βr. Their
fixed points are precisely the radial flows discussed above.
We plot the UV angular flows, for different values of xs,
in fig. 2. The angular flow takes place on a hemisphere
at fixed r, and we use (θ, ϕ) as two-dimensional polar
coordinates. The grey shaded region is where βr > 0.
The region above the dashed line is where the potential
V is positive definite. Radial flows are represented by
dots: white dots are radial flows in the λ = 0 plane;
blue, yellow, green and red dots are the other ones (that,
for → 0, correspond to the IR fixed points pj in fig. 1).
The red dot is the UV-attractive radial flow that makes
the theory UV free. The theory is UV free for small
values of xs as long as  . 0.1, and is UV free up to the
IR merging point xs = xs for  . 0.085.
Near the merging point, the coupling constants are ex-
pected to run slowly and enter a walking regime [1]. It
was pointed out in [5] that a proper invariant description
of the walking regime is provided by the CFT data of
so-called complex CFTs, namely the CFTs that appear
for imaginary values of the couplings. In our model the
fixed points p1 and p2 become complex when xs > xs
and define two complex CFTs C and C. Theory C con-
tains the double-trace operator O2 with ∆O2 = 4 + i|ζ?3 |,
where ζ?3 = 8λ
?A+ is purely imaginary for xs > xs. The
“conjugate” operator with ∆O2 = 4 − i|ζ?3 | is instead in
the CFT C. We notice that there exists an (unphysical)
RG flow for imaginary RG time that connects C to C.
This is induced by a deformation δf O2 of C. At large N ,
βδf = i|ζ?3 | δf+α δf2 (with α a real constant) to all orders
in conformal perturbation theory [8]. The fixed point at
δf = 0 is C while the one at δf = −i|ζ?3 |/α is C [5].
The walking regime is controlled by |ζ?3 | and the RG
flow of the double-trace coupling f . When |ζ?3 |  1, in
the walking regime λ ≈ λ? and h ≈ h?+. By redefining
f → f0/4−λ?B, the β-function reads βf0 ≈ f20 + |ζ?3 |2/4,
with solution f0(µ) ≈ |ζ?3 |/2 tan
(|ζ?3 |/2 logµ/Λ), Λ be-
ing an integration constant. The ratio of scales where
the walking regime occurs is approximately given by
exp
(
2pi/|ζ?3 |
)
[14]. We illustrate this behavior in fig. 3,
where we plot the RG flow of f + h for various values
of xs > xs, when there is no IR-stable fixed point and
radiative symmetry breaking occurs in the IR through
dimensional transmutation. The red line corresponds to
the walking regime for xs − xs  1 (while the dashed
blue line is an IR-stable flow for xs < xs).
When the IR-stable fixed point moves in the complex
plane, the RG flow continues until, at some energy scale,
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FIG. 3. RG flow of f+h (controlling stability of the scalar po-
tential) for values of xs > xs (the dashed line is for xs < xs).
The theory undergoes spontaneous symmetry breaking via
Coleman-Weinberg mechanism around the scale µ = ΛIR
where f + h vanishes. The initial conditions at µ = Λ are
λ = 15 · 10−3, h = f = 7 · 10−3, while  = 0.04.
all Ns scalars condense with color-flavor locking pattern:
〈φac 〉 = v δac . (19)
This pattern follows from the fact that the single-trace
coupling h is positive when the coupling z ≡ f + h be-
comes negative [15]. We can determine v by comput-
ing the effective potential. For our purposes, it will be
enough to approximate it by means of the tree-level RG
improved potential, evaluated at the scale ΛIR where
z = 0 (see fig. 3) and no large logs appear. Around the
VEV (19) the double- and single-trace couplings combine
into z. Around z ≈ 0 we have
Veff(v)
8pi2
≈ xs
(
8xsh
?2
+ +
3
4
(1 + xs)λ
?2
)
v4 log
v2
Λ2IR
. (20)
This potential has a minimum at v/ΛIR = e
− 14 , where
Veff(v) < 0. By adding a tiny UV mass term for the
scalars, m2 ∼ λ?2Λ2IR/Nc, we explicitly see that the phase
transition is (weakly) of first-order, which is the typical
case occurring in radiative symmetry breaking induced
by dimensional transmutation.
The scalar VEV (19) breaks the gauge group to
SU(Nc−Ns). Scalars acquire a mass of order hv/Nc, glu-
ons of order λv/Nc, while the scalar parameterizing the
radial fluctuation of v gets a reduced mass of order hv/Nc
times a loop factor. The latter is proportional to the β-
function of z at z = 0, which is not parametrically small
(it does not vanish as xs → xs). In the walking regime,
the scale ΛIR can be made arbitrarily low. However, the
gluon-to-scalar mass ratio remains constant. It has been
conjectured, in the context of technicolor models, that
a scalar particle—denoted technidilaton—is parametri-
cally lighter than the other resonances, and corresponds
to the pseudo-Nambu-Goldstone boson of the sponta-
neously broken conformal symmetry [3]. In our weakly-
coupled description of walking, the radial fluctuation is
the lightest excitation, but it cannot be made paramet-
rically lighter than the others. This is in agreement with
the absence of spontaneous breaking of conformal sym-
metry, as conformality is broken explicitly.
Let us discuss the effect of higher order corrections and
finite N models. Higher loop corrections to (5) correct
the location of the fixed points to g? = g?1 +
∑
l=2 δlg
?,
where g?1 = O() (for  sufficiently small) is any of the
values in (8)–(10) while δlg
? = O(l) are the corrections
expected at loop level l in the scalar and l+1 in the gauge
β-functions [16]. If we take Nc & O
(
−
l−1
2
)
with l ≥ 2,
we can neglect O(1/N2c ) corrections to the β-functions up
to loop level l. So by appropriately choosing the scaling
of , our qualitative analysis is not expected to change
up to arbitrary high orders, provided Nc is large enough.
Since the interesting region at large Nc occurs for
Ns  Nc, at finite Nc we consider small Ns. We choose
Nf (Nc) such that the theory is the most weakly-coupled
one and perturbative computations are expected to make
sense. The qualitative analysis is the same as in the large
N case. For each value of Ns, there is a maximal integer
value N?c at and below which the IR stable fixed point has
merged to another one: conformality is lost for Nc ≤ N?c .
For Ns = 2, 3, 4, we find N
?
c = 25, 39, 53, corresponding
to xs ' 0.08, 0.077, 0.075. Note how the large N value
xs ' 0.073 is quickly approached. For Nc > N?c , there
are UV-free RG flows leading to the stable IR fixed point.
For Ns = 1 the single- and double-trace quartic couplings
combine in the single coupling z = Nc
(
f˜ + h˜
)
/16pi2. In-
dependently of Nf , for Nc ≥ 3 we always find two real
fixed points z?± and UV-free RG flows, while for Nc = 2
the z?± are complex and the theory is not UV free.
Summarizing, we have shown explicit, weakly-coupled,
and UV complete 4d gauge theories where a conformal
window ends by merging of two fixed points and a walking
regime appears, after which dynamical symmetry break-
ing occurs. Models of this kind could also have phe-
nomenological applications. In particular, UV complete
gauge theories with walking regime, near the edge of their
conformal window, are interesting candidates for possi-
ble composite Higgs models. In the context of natural
theories, scalars should however be avoided, and the dy-
namics should occur at strong coupling, as in QCD.
We thank Hrachya Khachatryan for collaboration at
the early stages of this project. We also thank Lorenzo
Di Pietro and Slava Rychkov for discussions. FB is sup-
ported in part by the MIUR-SIR grant RBSI1471GJ. MS
acknowledges support from the Simons Collaboration on
the Nonperturbative Bootstrap.
∗ fbenini@sissa.it
† ciossa@sissa.it
‡ serone@sissa.it
5[1] D. B. Kaplan, J.-W. Lee, D. T. Son, and
M. A. Stephanov, Phys. Rev. D80, 125005 (2009),
arXiv:0905.4752 [hep-th].
[2] H. Gies and J. Jaeckel, Eur. Phys. J. C46, 433 (2006),
arXiv:hep-ph/0507171 [hep-ph].
[3] B. Holdom, Phys. Rev. D24, 1441 (1981); K. Yamawaki,
M. Bando, and K. Matumoto, Phys. Rev. Lett. 56, 1335
(1986); T. W. Appelquist, D. Karabali, and L. C. R.
Wijewardhana, Phys. Rev. Lett. 57, 957 (1986); T. Ap-
pelquist, J. Terning, and L. C. R. Wijewardhana, Phys.
Rev. Lett. 77, 1214 (1996), arXiv:hep-ph/9602385 [hep-
ph].
[4] Walking dynamics has been mostly discussed within tech-
nicolor models (see [17] for a review and further ref-
erences), but it can play an important role also in its
modern reincarnation in terms of UV-complete compos-
ite Higgs models, as in [18].
[5] V. Gorbenko, S. Rychkov, and B. Zan, JHEP 10, 108
(2018), arXiv:1807.11512 [hep-th].
[6] V. Gorbenko, S. Rychkov, and B. Zan, SciPost Phys. 5,
050 (2018), arXiv:1808.04380 [hep-th].
[7] T. Appelquist, D. Nash, and L. C. R. Wijewardhana,
Phys. Rev. Lett. 60, 2575 (1988); T. Appelquist and
D. Nash, Phys. Rev. Lett. 64, 721 (1990); A. Nahum
et al., Phys. Rev. X5, 041048 (2015), arXiv:1506.06798
[cond-mat.str-el].
[8] S. S. Gubser and I. R. Klebanov, Nucl. Phys. B656, 23
(2003), arXiv:hep-th/0212138 [hep-th].
[9] E. Witten, arXiv:hep-th/0112258 [hep-th]; A. Dy-
marsky, I. R. Klebanov, and R. Roiban, JHEP 08, 011
(2005), arXiv:hep-th/0505099 [hep-th]; E. Pomoni and
L. Rastelli, JHEP 04, 020 (2009), arXiv:0805.2261 [hep-
th].
[10] A numerical study of this theory at finite N , including
its RG flow, regions of conformality and UV freedom,
already appeared in [13]. However, an analytic large N
study, description of fixed-point merging and walking be-
haviour was not provided there.
[11] W. E. Caswell, Phys. Rev. Lett. 33, 244 (1974); T. Banks
and A. Zaks, Nucl. Phys. B196, 189 (1982).
[12] M. E. Machacek and M. T. Vaughn, Nucl. Phys. B222,
83 (1983); Nucl. Phys. B249, 70 (1985).
[13] F. F. Hansen et al., Phys. Rev. D97, 065014 (2018),
arXiv:1706.06402 [hep-ph].
[14] Such scaling is often denoted Miransky scaling [19].
[15] E. Gildener, Phys. Rev. D13, 1025 (1976).
[16] Here g stands for any of the couplings λ, h and f consid-
ered before. Higher loop corrections can also induce new
fixed points of the β-functions. These, however, are not
under perturbative control. See [20] for a description of
walking dynamics based on such fixed points.
[17] C. T. Hill and E. H. Simmons, Phys. Rept. 381, 235
(2003), arXiv:hep-ph/0203079 [hep-ph].
[18] G. Ferretti and D. Karateev, JHEP 03, 077 (2014),
arXiv:1312.5330 [hep-ph].
[19] V. A. Miransky, Nuovo Cim. A90, 149 (1985).
[20] O. Antipin et al., Phys. Rev. D86, 085009 (2012),
arXiv:1205.6157 [hep-ph].
